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Abstract. In this paper we will find a matrix realizations of the quantum group Qp,q 
defined in [4 . For this purpose, we construct all primitive idempotents and a basis 
of flpi ,p2 ■ We determine the action of elements of the basis on the indecomposable 
projective modules, which give rise to a matrix realization of 0pi,p2- -^7 using this 
result, we obtain a basis of the space of symmetric linear functions on Qp,q and express 
the symmetric linear functions obtained by the left integral, the balancing element and 
the center of Qp^q in term of this basis. 



1. Introduction 

In [2] and [3], it is pointed out that the triplet vertex operator algebra W(p) is closely 
related with the restricted quantum group Uq{sl2) at the primitive 2p-th root of the unity. 
It is also found in [2] and find that the space of functions obtained by applying modular 
transformations to characters of simple modules of W(p) is isomorphic to the center of 
Uq{sl2). It is conjectured in ^ that the category of modules of W(p) and the category of 
finite-dimensional modules of Uq{sl2) are equivalent as tensor categories. It is proved the 
conjecture for p = 2. The equivalence of categories as abelian categories is proved in (TU]. 
We also mention that the tensor category consisting of finite-dimensional f/g(s/2)-niodules 
is not braided if p ^ 2 ( [7] ) . 

Feigin, Gainutdinov, Semikhatov and Tipunin also construct the vertex operator alge- 
bra yV{pi,p2) for coprime positive integers pi and p2- They find 2pip2 + ^{pi — l){p2 — 1) 
non-isomorphic simple modules and show that the space of functions obtained by ap- 
plying modular transformations on characters of simple modules is |(3pi — l)(3p2 — 1)- 
dimensional. They study in [4J the unimodular finite-dimensional Hopf algebra flpi,p2 
which is a quotient algebra of the tensor product of two restricted quantum groups Uq^{sl2) 
at qi = exp{\^^p2Tr / pi) and Uq^{sl2) at qi = exp{^/^pl7^ /p2) . In [5], they show that 
flpi,P2 has 2pip2 non-isomorphic simple modules, which shows that the category of mod- 
ules of yV{pi,p2) is not equivalent to the category of finite-dimensional modules of flpi,p2- 
They prove that the space of functions obtained by applying modular transformations to 
characters of simple modules of W(pi,p2) and the center of flpi,p2, on which the group 
5X2(2) naturally acts, are equivalent as representations of SL2{'L). 

In this paper, we determine a matrix realization of flpi,p2- More precisely, it is shown 
in |S] that the quantum group flpi,p2 has a decomposition into two-sided ideals 

(1.0.1) flp„p2 = Q(pi,P2)©Q(O,P2)©0Q(ri,P2)©0Q(pi,r2)© g(ri,r2), 

ri=l ^2=1 (ri,r2)e/ 
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where / = {(ri, r2)\l < Vi < pi — 1, pir2 +P2ri < P1P2}, we will get a matrix realization of 
a two-sided ideal which appears in fll.O.ip . In order to construct a basis, we first determine 
primitive idempotents and derive direct sum decompositions of two-sided ideals into their 
indecomposable left ideals as it is done in [1] and [12] • Then, by calculating actions 
of two-sided ideals on projective modules, we can have matrix realizations of two-sided 
ideals. 



Theorem 16.11 The algebras Q{pi,p2) and Q{0,p2) are isomorphic to the matrix algebras 



Theorem 16.21 For 1 < Ti < pi — 1, the algebra Q{ri,p2) is isomorphic to the subalgebra 
of M2pj^P2{C) © M2pip2(C) ^^^^ shape: 
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Theorem 16.31 For 1 < ri < pi — 1, the algebra Q{ri,p2) is isomorphic to the subalgebra 
o/iVW(C)©M2p,p,(C); 
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Theorem 16. 4L The algebra of Q{ri,r2) with (ri,r2) & I is isomorphic to the subalgebra 







(C) © M4p,p,(C) © M4p,p,(C) ^zwen fey 



■rp + 

ri,r2 
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ri,r2 

ri,r2 
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Pi-»'i,p2-r2 
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andX = T,R,L,B. 



By using these matrix realizations, we will get a basis of the space of symmetric linear 
functions SLF(flp^^p2) ^is the sums of traces of matrix blocks appeared in the matrix 
realizations. 
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As it is shown in [TT], The space SLF (gp^^p^) is isomorphic to the center of flpi,p2- 
This isomorphism is given hj c ^ t~^c ^ X where A is the left integral and t is an 
invertible element in flpi,p2 such that S'^(x) = txt~^ for all x G flpi,p2- Then we can 
determine the relations between the basis of symmetric linear functions and symmetric 
linear functions determined by the action of the central elements and balancing element 
of Qp^q on integrals. 

In [5], the space of g-characters of flpi,p2 is determined. The most important thing 
is that they construct a basis of the space of g-characters. Since the space of the q- 
characters is {/3 G &pi,p2 ,P2} (c-f- [5j) and the square of 

the antipode of flpi,p2 is an inner automorphism by the balancing element g of flpi,p2 (see 
[5]), any symmetric linear function is given hj P ^ g where /3 is a g-character. Under this 
correspondence, any element of our basis of SLF(flp^^p2) is mapped to a scalar multiple of 
an element of the basis of the space of g-characters constructed in [5] (see Appendix A). 

This paper is organized as follows. In section 2, we recall the basic definitions and 
properties of symmetric linear functions and integrals of Hopf algebras. In section 3, we 
recall the definition of the algebra flpi,p2 and its integrals and balancing element given 
in [5]. We also introduce the list of non-isomorphic simple modules flpi,p2 given in [5]. 
In section 4, we construct indecomposable modules as left ideals of flpi,p2- In section 5, 
we find the primitive idempotents of flpi,p2 and show that the indecomposable modules 
constructed in section 4 give rise to the list of non-isomorphic indecomposable projective 
modules. In addition, we give a decomposition of flpi,p2 into subalgebras. In section 6, 
we determine the matrix realization of each subalgebra of flpi,p2 as the subalgebras of 
direct sum of matrix algebras. In section 7, we construct the symmetric linear functions 
on flpi,p2 which form a basis of the space of symmetric linear functions on flpi,p2- We also 
determine the relations between the basis and the symmetric linear functions given by 
the left integral, the balancing element and the central elements. In Appendix, we give a 
correspondence between the basis of g-characters of Qp^,p^ obtained in [5] and the basis 
of symmetric linear functions on flpi,p2 
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2. Preliminaries 

In this paper we will always work over the complex number field C. For any vector 
space V we denote its dual space HomdV, C) by V*. 

2.1. Symmetric linear functions. Let A be a finite-dimensional associative algebra. 
A symmetric linear function (f on A is an element of A* which satisfies (p{ab) = (p{ba) 
for all a,b & A. We denote the space of symmetric linear functions on A by SLF(yl). 
If A is a finite-dimensional Hopf algebra, the space SLF(A) coincides with the space of 
cocommutative elements of A* (see pTj). 
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2.2. Integrals and the square of antipode of Hopf algebras. Let A be a finite- 
dimensional Hopf algebra with the coproduct A, the counit e and the antipode 5*. Any 
element of the subspaces 

£^ = {A G A I aA = £{a)k for aU a e A}, 
TZa = {A e A \ Aa = e{a)A for aU a G A}, 

is called a left integral and a right integral of A, respectively. Since A is finite-dimensional, 
the space Ca (respectively TZa) is one-dimensional (cf. [9]). Similarly a left (respectively, 
right) integral of the dual Hopf algebra A* is an element A G A* which satisfies pX = p(l)A 
(respectively, Xp = p{l)X) for all p & A*. Equivalently we can see 

Ca' = {XeA*\{l® A)A(x) = X{x) for all x G A}, 

TZa* = {XeA*\{X® l)A(x) = X{x) for all x G A}. 

If Ca = TZa the Hopf algebra A is called unimodular. 



Proposition 2.1 ([H]). Let A he a finite- dimensional unimodular Hopf algebra with the 
antipode S. Suppose that X is a left integral of A* and that ^ is a right integral of A* . 
Then 

(1) X{ab) = X{bS\a)), 

(2) fi{ab) = fi{S\b)a). 

The square of the antipode is called inner if there exists an invertible element t such 
that S'^(x) = txt~^ for all x G A. 

Denote by ^ and ^ the left and right actions of A on A*: 

a p{b) = p{ba), p a{b) = p{ab), 

for p e A* and a,b e A. 

Proposition 2.2 ([H]). Let A be a finite- dimensional unimodular Hopf algebra with the 
antipode S. Suppose that X is a left integral of A* and that fi is a right integral of A* . If 
S'^ is inner, the linear maps fe and fr '■ Z{A) — )■ SLF(A) defined by fi{c) = t~^c ^ X and 
fr{c) = fi ^ tc are isomorphisms where Z{A) denote the center of A. 

3. The Hopf algebra Qp^g 
3.1. Definition. Let pi and p2 be coprime positive integers. Set q = expC' 



2piP2 



g2p2 _ gXp( 

coefficients 



pi 



n 



and q2 



q — q 



q-q 



-1 



2pi 
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We use the g-integers and g-binomial 



\n 



[n\q\[m 



n 



\n\ 



■■[2]J1],. 



We also define 

[m]i = [m]gP2, [m]2 = [mj^w 

Note that 



m 




m 




m 
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n 
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n 



12 



[p^ - m]i = (-If 2+i[m]i and [p2 - m]2 = {-V^' 



+1 



[m]2- 
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9pi,P2 is ^ Hopf algebra over C generated by Cj, fi and for i = 1,2 with relations 

KK-^ = K-^K = 1, 

ef = /f = 0, ir^PiP^^i^ (2 = 1,2), 

i^^e,ir-i = g^e,, ir/.i^-i = gr^/,, (z = 1,2), 

6162 = 6261, /1/2 = /2/1, 

[ei, /i] = [62, /2] = 

as an algebra. The coproduct A, counit e, and antipode S are given by 

A(6i) = 61 ® 1 + i^P^ ® 61, A(62) = 62 ® + 1 ® 62, 

A(/i) = A ® ir-^^ + 1 ® /i, A(/2) = /2 ® 1 + K-^'^ ® /2, 

A{K) = K®K, 5(6,) = £(/,) = 0, e{K) = K, 

S(6i) = -K-^'ei, S(62) = -e2K-'\ 

S{fi) = -fiKP\ Sih) = -K^'f2, SiK) = K-\ 

Proposition 3.1. The 2p\p\ elements 6^^6^^/"^/^^ii'^, where < mi,ni < Pi ~ 1 and 
< £ < 2pip2 — I, form a basis of Qp^^p^ as a vector space over C. 

In |5], it is shown that the restricted quantum groups U^P2{sl2) = {ei,fi,Ki) and 
Uqn{sh) = (e2,/2,-^2) are embedded in flpi,p2 by 

ei ^ 61, /i ^ /i, Ki ^ KP\ 

62 ^ 62, /2 ^ /2, ^^ 

and that 

0m,P. = 17,^2(5/2) ®%(s/2)/(i^f ® 1 - 1 ® i^f ), 

where (i^Tf' O 1 - 1 (g) i^Tf ) is the Hopf ideal generated by {Kf^ (g) 1 - 1 O ATf ). 

3.2. Integrals and the square of the antipode. The space of left and right integrals 
in flpi,p2 and the space of right integrals on flpi,p2 are determined in [5]. The space 
spanned by 

2piP2-l 

coincides with the space of left integrals of flpi,p2, which also coincides with the space of 
right integrals of flpi,p2- This shows that flpi,p2 is unimodular. 
Define the linear functions on flpi,p2 by 

(3-2.1) -^(^1 ^ fi^ f2^ K ) = 5mi,pi-l^m2,P2-l^"i,pi-l^n2,P2-l'^^,P2-pi' 



(3.2.2) l^i^l ^2 fl f2 ^ ) — ^mi,pi — l^rn2,P2~i^ni,pi — l^n2,P2~l^t,Pi- 



■P2' 
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for < rrii < Pi — 1 and —{piP2 — 1) < ^ < PiP2- Using the induction, we can see that 
A{eT'erfrf2'K') = 

ri=0 r2=0 si=0 S2=0 



X 



?2 



r2)+'PiS2{n2-S2)-2pir2(n2-S2) 


nil 




m2 




ni 




n2 




.^1. 


1 




2 




1 





^ e^^e^^ jsi j!S2 ^P2(mi-ri)-pi(n2-S2)+e gmi- 



yrii-si j'n2-S2 j^pir2-p2Si+i 



Proposition 3.2 ([5J). E'ac/i of the spaces of left and right integrals in flpi,p2 ^■5 spanned 
by A anc? /i, respectively. 

It is also shown in [5j that the square of the antipode of flpi,p2 is inner and tliat the 
balancing element of flpi,p2 is given as follows. 

Proposition 3.3 ([5]). For any x G flpi,p2, we have S'^{x) = gxg~^ where g = K^^~^'^ . 

3.3. Simple modules. The algebra flpi,p2 has 2piP2 non-isomorphic simple modules (see 
[5]). Let {X^^ ^2 I a = ±7 1 < < pi, 1 < < P2} be the complete list of non-isomorphic 
simple modules of flpi,p2- The simple module X"^ has a basis formed by weight vectors 
(ri, r2), < rii < ri — 1 and < 722 < ^2 — 1 with the action of flpi,p2 defined by 

T'l — 1— 2ni ^r2 — 1— 2n2 La 

f<(ni,ri,r2)b^^^_i„2(ri,r2), ni 7^ 0, 

J ¥^2 ("2, r-i, r2)b«^ „^_i(ri, r2), n2 ^ 0, 
0, n2 = 0, 

bni+i,n2(n,r2), ni^n-l, 
0, m = ri - 1, 



"rii,n2 



Kb 

eib: 



n„n2(n,^2) = «gr-^-^"^g2""^"'"^b;^^,n2(^l,^2), 



ni,n2 



(?^1,?^2) 



e2b^, „2('^1''^2) 



/lb"i,n2(n.^2) 



1^ 



/2b" ,„,(ri,r2) 



■^ni,n2+2 



0, 



where 
(3.3.1) 
(3.3.2) 



(ri,r2), 712 7^ r2 - 1, 
n2 = r2 - 1, 

u'2-ir 



ip°{ni,ri,r2) = aP^'i-lY"' [ni]i[ri - ni]i, 
</^^(n2,ri,r2) =«^H-ir"'H2[r2-n2]2, 
for 1 < rij < Tj — 1. We note that 

(3.3.3) ipi°'{ki,pi -ri,r2) = ipi{ki,pi -ri,p2 -^^2), 

(3.3.4) 'fiini,ri,r2) = ipi°'{ni,ri,p2 - r2), 
for 1 < Ui < ri — 1 and 1 < /ci < Pi — Ti — 1, and that 

(3.3.5) (p2°'{k2,ri,p2 - r2) = ^^'2(^2,^1 - ri,p2 - ^2), 

(3.3.6) V52 ("-2,^,^2) = (P2°'ini,pi - ri,r2), 
for 1 < n2 < r2 — 1 and 1 < k2 < P2 — 1^2 — ^- 
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4. Construction of indecomposable left ideals 

In this section we construct left ideals which are isomorphic to P^" whose socle is 
isomorphic to a simple module ^.^ for (ri, 7^ (pi,P2)- The structure of module ^^'^^^2 
is described in [5]. 

4.1. Highest weight vectors in flpi,p2- For 1 < Vi < pi and 1 < Sj < rj, let us set 

2piP2-l 

£=0 

and 

('^ T e e — f^i rn2 pi-l P2-1 fPi-si r-p2-S2 a ( \ 

for < -n-j < Tj — 1. We then see that 

(4.1.1) ir6^;-[„^(n,r2,.i,.2) = «gr"'-'"^9?-'-'"^&n;!n2(n, ^2, ^l, ^2) 
for < Til < ri — 1 and < n2 < r2 — 1. We also have 

(4.1.2) /i6^;-[„^(ri,r2,Si,S2) = C;+i,n2('"i. ^"2, Si, S2), 

(4-1-3) /2&n;!n2(^1.^2,Sl,S2) = C;!n2+1 ('^l ' ^^2, ^1 , S2) 

for < ni < ri — 2 and < n2 < T2 — 2. 

Lemma 4.1 ([6J). For I < Ui < pi — 1, i,j G {1,2} and i 7^ j, t/ie following relations 
hold in gpi,p2- 

[e.,/r] = N./r"^^^ ^^-^^ 

[er,/.] = Kl.e--'^^ 

-pj{n,-l) r^p^ _ Pj(n,-1) j^_p^ 



L «J« pj -pj 



Lemma 4.2. VFe /iave 



(4.1.4) ei6^;-[„^(ri,r2,si,S2) 



|v'?(^i,n,r2)C;ii,„2(^i'^2,Si,S2), 1 < ni < ri - 1, 
\o, ni = 0, 



(4.1.5) e26";-^„Jri,r2,si,S2) 



fv32(n2,ri,r2)6";~^„2-i('"i''^2,Si,S2), 1 < ri2 < ra - 1, 

\0, ^2 = 0, 
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Proof. By Lemma [4.H we obtain 



ei&°;tn2('^l,'^2,Si,S2) 

P2{ni-1) TV-pa „-P2(n-l) TV'-pa 

gf - gi 

for 1 < ril < ri — 1. Similarly we have (I4.1.5p . □ 

The space spanned by 6°^ nal'^i? ''^2, si, S2) with < rii < ri — 1 and < n2 < r2 — 1 is 
isomorphic to the simple module X° This fact will be proved in next subsection. 

Proposition 4.3. (1) For 1 < ri < pi — 1, 

^o;i(n,r2,Si,S2) 

Pl-ri 

=/i/2"^ E 7;?.,(ri,r2)ef-™^ef-Vr-^^-"^Vf^-^^<,.,(si,^2), 

mi=l 

pi-ri-l 
fci=pi— ri — (mi — 1) 

(2) For 1 < r2 < P2 - 1, 

C;!o(n,r2,Si,S2) 

=/r72 c(^i-^2)ef-^er-"^7r"-/f---"^^<,,,(.i,.2), 

m2=l 

P2-''2-l 

C2('^l''^2)= n ¥'2°(^2,n,P2 -^2). 

fc2=P2— »'2 — ("^2-1) 

(3) For 1 < ri < pi — 1 and 1 < r2 < P2 — 1, 

pi-ri p2-r-2 

Co(n,r2,Si,S2) =/i/2 E E 7mi(n,r2)C2(n,r2) 

mi = l 7712 = 1 

Proof. We only prove (1). proofs of others are similar. 
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By Lemma 14.11 we have 

_pP\-mxP2-lfPi-sx-mx+lrp2-S2„n / \ 
— t^l ^2 Ji J2 V^^,^.^ybi,b2) 

,Pi-mi e 1 P2-1 fPi-si-nii _fP2~S2 a 



e 



1 Jl]ef-'fr''-'^'fr''<,r2iSl,S2) 



_Pi-mip2-l_fPi-si~mi + lnP2~S2 a ( \ 

-^r"(mi,pi-ri,r2)ef-i-"^^e?-Vr~^^"'"Vl^"^^<,.,(5i,52). 

Thus we have 

pi-ri 



Set 



Jl 2^ ^mi[^l^^2)ei 62 /i /2 ^ri,r2l'5l'"52j 

mi = l 
pi-ri 

^ E 7:^,(ri,r2)ef-™^er-Vr'"""^^Vl'^'"<,.2(^i>^2) 

mi = l 

Pi-ri-1 

lmi+l{^ly^2)ei 62 Jl /2 V^^^^^[Si,S2) 

mi=l 

= ef-^er-vr-"/f^-"<,.2(^i,^2). 

ri — 1 r2 — 1 



ii = l 42 = 1 

pi-ri-1 p2-r2-l 

X n <^r°(^i>pi -^15^2) n <^2'°(^2,ri,P2 -^2), 

fci=l fc2=l 
ri-1 ^ pi-ri-1 

^"(n r2) = h — = 



r2 — 1 -, p2— r2 — 1 



72 — J- p2 — '2 — 



1 

¥^2(^2,^1,^2) ' (^2°(j2,ri,P2-r2)' 

Then we can see that $°(ri,r2) = — ri, r2) = $""(^1,^2 — ''"2) = ^'^{pi—fi,P2 — i^2) 

and that \l/"(ri,r2) = -'^i, ^^2) = ^i'"('^i,P2 -^^2) = ^^(Pi -^1,^2 -^2) fori = 1,2 

by dSSSD-dSIMD. Now we set 

^ni2(^l'^2,Sl,S2) = ^^^^^-^6^;^„^(ri,r2,Si,S2). 

4.2. Indecomposable left ideals P^^ p^{si,S2) and Pj^^^^^l'^i, ■32)- Let us first fix 1 < 
ri < Pi — I and r2 = ^2- We set 

(4.2.1) B^;%^in,p2,si,S2) 

_ er^^-'^'^fT 7:^i(ri,P2)ef--er-vr-"-"Vf-~"<,,,(^i, .2) 
*"(n,P2)n^;:i:;iVr(ji,pi-n,P2) 



□ 
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(4.2.2) S;^;t^^(ri,p2,«i,«2) 

^ ' " / mi=l 

- (ri , P2) ,n2 (^1 , P2 , Si , S2 ) , 

(4.2.3) 5,";;:^(ri,p2,si,S2) = /r+^^i?o"i(ri,P2,5i,S2), 

for < ni < ri — 1, < A;i < Pi — ri — 1 and < ^2 < P2 — 1- 
Lemma 4.4. For < 712 < P2 — 1; ^/^e following relations hold: 

(4.2.4) 
(4.2.5) 

^i?ntn.(^l,P2,5l,52) = agr"'-'"^ fe^^-'-'^^i^S^ (H , P2, ^1 , ^2) , 

(4.2.6) 
(4.2.7) 

^i''{ki,pi - ri,p2)B'^l^^^^^{ri,p2,si,S2), 1 < h < pi - ri - 1, 
0, ki = 0, 

(4.2.8) 

fiBk;^^{ruP2:SuS2) 

Bt[Xi,n2^n,P2, Si, S2), < /ci < Pi - ri - 2, 



-SnK'^i'^^s, Si, S2), A;i = Pi - ri - 1, 



(4.2.9) 



0, m = ri - 1, 



(4.2.10) 



eiKi2(n,P2,si,S2) 

<(ni,ri,p2)5";Ii „2(ri,p2,si,S2) + 5;^;ii,„2(^i'^^2,si,S2), 1 < ni < n - 1, 



^p;l^i_i,„2(^i>P2,si,S2), ni = 0, 

(4.2.11) 



/lK;-Ln2(n,P2,Sl,S2) 

K;li,n2(?^i,P2, Si, S2), < ni < ri - 2, 
.-6o,C(^i'^^2,Si,S2), ni = ri-l. 
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(4.2.12) eiS,";;:^(n,p2,^i,^2) 

^T°{h,Pi -n,P2)5fe;^i,„2(n,P2,Si,S2), 1 < A;i <Pi -ri - 1, 
B^;\^^{ri,p2,si,S2), ki = 0, 

(4.2.13) f\B",;^^^{n,p2,sr,S2) 

Bk;+i,n2i^i,P2,si,S2), 0<ki<pi-ri-2, 
0, ki=pi-ri-l. 

Proof. We can see fITOD - fHXHD . (K2l\\ . (14.2.111) and 04.2. IHj) by the definition. 

By Lemma [4.11 Proposition 14.31 and (14.2.11) . we obtain (14.2.81) . Then we can see = 
/p5o'^(ri,p2, si, S2) = B^if^^{ri,p2, 81,82) by (|4.1.2|), which proves (|4.2.9|). By Lemma 
li;2and Proposition SSI we have eiBQ^l^{ri,p2, Si, 82) = Bpl%^_-^^„^^{ri,p2, Si, 82) and then 
we can see that 

ei5:;;^(ri,p2, 8„ 82) = UTei + [cu fr])B^i{ruP2, ^1, ^2) 
= Vi{nuri,P2)B^f^^^^^{ri,p2, 81, 82) + fi";ii_„2(ri,p2,Si,S2) 

fori < Til < ri —1 by Lemma l4.1l and (14.2.81) . Since V9°('"i+^i! ^"1)^2) = '^i°'{ki,pi—ri,p2), 
we have 04.2.121) . □ 

By Lemma 14.11 we have the following. 

Lemma 4.5. 

(4.2.14) e2S:?;-„,(ri,p2,Si,S2) 

'^2(-.,n,P2)5-,_.(r„P2,...2), l<n2<P2-l, 

0, n2 = 0, 

(4.2.15) f2B:'-^^{n,p2,8i,82) 
K;*n2+l('"bP2, Si, S2), < n2 < P2 - 2, 

0, n2=p2-l, 
where < rii < ri z/ • G {t, J.} a?T-o? < rii < — ri — 1 z/ • G — t-}. 
Let X;^^ p^( Si, 82) be the space spanned by the set 

{5^;f„^(ri,p2,si,S2)|0 < < n - 1,0 < n2 <P2 - 1}. 
Then X^^ ^^{81, 82) is isomorphic to the simple module X^^^^^ by (14.1.41) . (I4.2.9P and 

By Lemma 14.21 Lemma 14.41 and Lemma 14.51 we have the following. 
Proposition 4.6. Let P^" p2{^ij ^2) be the space spanned by vectors of the form 

K;!n,(n,P2,Si,S2),0 < ni < n - 1, < 712 < P2 - 1, 

Bkl%2(^i,P2,8i,82),0 < ki < pi - ri - 1, 0<n2<P2-l 

for a = ±, 1 < ri < pi — 1, 1 < Si < ri and I < 82 < P2- Then P,^^ p^{8i, 82) 
is a 2piP2- dimensional indecomposable left ideal whose socle is isomorphic to the simple 
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module X^^ ^^. In particular, for fixed 1 < ri < pi — 1, the left ideals P^_^ p^[si,S2) for 
1 < Si < ri and 1 < S2 < P2 fl'"^ isomorphic to each other. 

By Proposition 14.61 we can write -Pr",p2 ~ -^n,P2('^i' '^2) for 1 < ri < — 1 and a = ±. 
We denote a basis of -Pr",p2 

K^U''^.P2), < m < n - 1, < < P2 - 1, 

bfci52(n,P2), < /ci < Pi - ri - 1, < n2 < P2 - 1- 

This basis corresponds to the basis i?"'* of P° ^^(si, S2). 
We now fix ri = pi, 1 < r2 < P2 ~ 1 and set 

(4.2.16) 5°;;^^(pi,r2,si,S2) 



(4.2.17) BZ'l^^{p^,r2,s,,S2) 



Jl J2 



<^>"(Pi,r2)^, 

-vl/^(pi,r2)i?;?;t„,(pi,r2,Si,S2), 

(4.2.18) 5:;X(pi'^2,3i,32) = /2^^+'=^i?:;ypi,r2,.i,.2), 

for < ni < pi — 1, < 71,2 < ^"2 — 1 and < ^2 < P2 — ^2 — 1- Then we have the following. 
Proposition 4.7. Let r2('^i' ■^2) be the space spanned by vectors of the form 

K'^iM^ ^^2, si, S2), < m < pi - 1, < n2 < r2 - 1, 
Bn[%{Pi,r2,Si,S2),0 <ni<pi-l, 0<k2<P2-r2-l 

for a = ±, 1 < r2 < P2 - 1, 1 < Si < pi and 1 < S2 < r2. Then P.° .^^{si,S2) 
is a 2pip2- dimensional indecomposable left ideal whose socle is isomorphic to the simple 
module X'^^,^.^. In particular, for fixed 1 < ^-2 < p2 — 1, the modules P^^^ .^^(si, S2) for 
1 < si < pi and 1 < S2 < r2 are isomorphic to each other. 

By Proposition 14.71 we can also write Pp^^r2 — ^pi,r2i^^^ for a = ± and 1 < 'r2 < p2 — 
1. We denote the basis of P^ which corresponds to the basis P"''(si, S2) of -Pj$*i,r2('^i' -^2) 
is denoted by 

bnS2(Pl'^2), < < pi - 1, < 722 < r2 - 1, 
b°!!fc2(^l'^'2), < /Ci < Pi - 1, < 722 < P2 - r2 - 1, 
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4.3. Indecomposable left ideal P^" Let us fix 1 < ri < pi — 1 and 1 < r2 < P2 — 

Set 



pi-n 
mi =1 



(4.3.1) 

gPi-n-l-fei jn2 

-Sfei!^2(^l''^2,Si,S2) = — M-rPi-ri-l ■ 7 

pi-n 

X 

mi=l 

(4.3.2) 

^n;!n2(^1.^2,Si,S2) 

-^'?(ri,r2)S^i,(ri,r2,Si,S2), 

(4.3.3) 

BtCn^^n, ^2, .1, .2) = /r+'^So";;(ri, r2, 51, 52), 
(4.3.4) 

^ni2(^l'^2,Sl,S2) 

il ^2 



r2) ng:.!;; 9^2-"(j2, n,P2 - r,) 

92— ''2 

E r2)ef -^er-"^Vr-"/f^-"-"^^<,.2(«i> «2), 

fn2=l 



P2-r2 

X 

m2=l 

(4.3.5) ^ 

^fc52('^l''^2,Sl,S2 



pi-ri-l-fci p2-r2-l-fc2 





r2) W.=Z+\ <^r"(ji,Pi - r2)(^2-"(j2, ri,P2 - r2) 

E E^:^i(^i'^2)c(^i>^2)ef-™^er--/r-"-"^7i'^-"-"^^<,.2(^i,^2), 



Pl-^l P2-r-2 

X 

mi=l m2=l 

(4.3.6) 

^ni2(^l''^2,Si,S2) 



ni P2-r'2-l-fc2 



*"(ri, ra) R^^Ul+l ¥^2-«(j2, ri,i?2 - r2) 

Pl-T-l P2-T'2 

X {E E 7m.(n,r2)c(^i,^2)ef-^--er--/r-"-'"7i^-^^-"^^<,.2(«i,«2)} 

mi=l m2=l 

-*?(ri,r2)L^;^,,(ri,r2,si,S2), 

(4.3.7) 

LkjM^ ^2, si, S2) = /r+*^^Lo;^^(ri, r2, si, S2), 
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(4.3.8) 

eni rn2 P2-r2 



m2 

(4.3.9) 



^Pl-ri-l-fci /.n2 

^1 J2 

Tpi-n-l ,-ai 



^"(ri,r2)n?^i;>r(ji,Pi-ri,r2) 
{ E E 7;:;,(ri,r2)C(n,^2)ef-'"^er-^-Vr-"-"^7l^-"-"^^<,.,(ri,r2)} 



^■^1=^1+1 

Pl-ri P2-r2 

X 

mi=l m2=l 

-*2(n,r2)5^;^^(ri,r2,Si,S2), 

(4.3.10) 

pi-ri p2-r2 
X ^ " 



{ E E 7;:.,(ri,r2)c(^i,^2)ef-^--er-^--/r-"-™7f^-"-"^^<,.2(^i>^2) 

mi=l m2=l 

P2-r2 

-*?(ri,r2) E c(^i^2)e^-^er-^-"^vr-"/r-"-'"^<,.2(«i.«2) 

m2=l 
pi-ri 

- *2(ri,r2) E 7;^,(ri,r2)ef-^-^er-Vr-"-'"7l^-"<,.2(^i,^2) 



mi=l 

+ M/«(ri,r2)^^(ri,r2)ef-^er-Vr-^7l^""<,n(^i'^2)}, 
(4.3.11) 

Tfe";;l(ri, r2, si, S2) = fi^^'T^;n2^ri, r2, Si, S2), 
(4.3.12) 

^2, si, S2) = /I^+^^T:;i(n, r2, .1, .2), 

(4.3.13) 

Ktk2^fi^ ^2, si, S2) = f?^^^T^l^{rx, r2, si, S2), 
(4.3.14) 

K;!.2(^i' ^2, .1, .2) = f^'^''T:;l{n, r2, .1, .2), 
(4.3.15) 

RtCkM^^2,s„S2) = /2^+'^T,";-(ri,r2,si,S2), 
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for < rij < Tj — 1 and < ki < pi — Vi — 1. By Lemma [4.11 and Proposition 14. 3[ we can 
see 

(4.3.16) eiB'^;'^^{ri,r2,si,S2) 

^r"(^i>Pi -^i>^2)S^;^^,^^(ri,r2,Si,S2), l<ki<pi-ri-l 

ki = 0, 

(4.3.17) f,B^,;%^in,r2,s^,S2) 

5fc;+i,„2(ri,r2,Si,S2), < fci < pi - ri - 2, 
^o,n2('^i'^2,Si,S2), ki=pi-ri-l. 

Thus we have B°^j-^^{ri,r2, Si, S2) = /f 5o,',^(ri, r2, Si, S2) = for < n2 < r2 - 1, which 
shows 



(4.3.18) /iBSiin.i-j.Si.Sj) 



0, rii = ri — 1. 

By Lemma [4. H Proposition 14.31 and (14.3. ISp . we have 
(4.3.19) 

eiK;!n2(n,r2,si,S2) 

^ f</??(ni,ri,r2)5°;li„^(ri,r2,Si,S2) + 5°;ii„^(ri,r2,Si,S2), 1 < < n - 1, 
\5p;!:r,_i,„2(ri,r2,si,S2), ni = 0, 

(4.3.20) 

(ri,r2,Si,S2) 

^nil,n2('^l'^2,Sl,S2), < Hi < - 2, 

_Bo;^^{ri,r2,Si,S2), rii = ri - 1, 
(4.3.21) 

ei5fc;;;l2(n,r2,si,s2) 

'^r(fc,,, -n,r2)5rM.(n,r2,.,.2), 1 < < - n - 1 

.^ri'il,n2('^l''^2,Sl,S2), ^1 = 0, 

(4.3.22) 

fiBk;^^{ri,r2,Si,S2) 

5fc;+i,„2(ri,r2,Si,S2), < fci <pi -ri -2, 
0, A;i=pi-ri-l, 

and we also have 

(4.3.23) e2i?^;-„,(ri,r2,.i,.2) 

^ fv?2 (^^2, ri, r2)5°;*„2_i(ri, r2, Si, S2), 1 < ^^2 < ^"2 - 1, 
~\0, n2 = 0, 
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where < -n-i < ri — 1 if • G {f, i} and < ni < pi — ri — 1 if • G — )►}. By Lemma 
Oand f l4X4l) - fHX71) . we obtain 

(4.3.24) e,L:[\^ir„r„s„S2) 

_ iv?{ni^ri,r2)L'^,[\k2(^i,r2,Si,S2), 1 < rii < ri - 1, 
"lo, ni = 0, 



(4.3.25) eiL°;^^^(ri,r2,si,S2) 

^ f^?{h,ri,P2 - r2)L'^l'Z^ f^^{ri,r2,Si,S2), I < h < pi - n ~ 1, 
~\0, A;i = 0, 

(4.3.26) /i^^;:^,(ri,r2,si,.2) 
^fe^i,fc2(^i>^2,Si,S2), < /ci <pi -ri -2, 



where the last relation follows from Proposition 14.31 By f l4.3.4p and f l4.3.26p . we see 



-^rAol'^i' ^"2, Si, S2) = /f'Lo'r(ri, r2, Si, S2) = 0. Hence we have 



(4.3.27) flL:'\(r^,r2,s^,S2) 



^ni+l,fc2(^l'^2,Sl,S2), < ni < ri - 2, 

0, rii = ri — 1. 



We can see that 



(4.3.28) eiL°;|,^(ri,r2,3i,.2) 

^?K,n,r2)L";li^fc2(ri,r2,Si,S2) + L";-^_i^fc2(^i'^2,Si,S2), 1 < < n - 1, 
i^p;!:,,_i,fe2(n,r2,Si,S2), A;i = 0, 

(4.3.29) /iL„;^fc^(ri,r2,si,S2) = <^ ]X ^ . 

[^OM (^1' ^2, si, S2), ni = - ri - 1. 

by Lemma 14.11 and we also have 

(4.3.30) eiL^;;^^(ri,r2,si,S2) 



V'l"(fcl,Pl -'^l,'^2)^fc;ti,fc2('"l>'"2,Sl,S2), 1 < /ci < Pi - ri - 1, 

,^o,t(^b'^2,si,S2), A;i=0, 



(4.3.31) /ii^fc;fc2(^i'^2,Si,S2) 

^fc;+i,fc2(ri,r2,Si,S2), < fci < Pi - ri - 2, 
0, fci=pi-ri-l, 
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by Lemma 14.11 and Proposition 14.31 in addition, the last relation follows from (14.3.71) and 

/f^ = 0. Moreover, we have 



(4.3.32) e2L°;';^^(ri,r2,Si,S2) 

V22°(n,P2 - r2)L'^''i,^_^{ri,r2,Si,S2), 1 < /c2 < P2 - r2 - 1, 
0, k2 = 0, 

(4.3.33) /2i^fc;*fc2(ri,r2,si,S2) 

^fc;*fc2+i(ri, r2, si, S2), 0<k2<P2-r2- 2, 
.^fci'*o('^i''^2,Si,S2), k2=P2-r2- 1, 

where < A;i < ri - 1 if • G {t, 1} and < A;i < - ri - 1 if • G {^, ^}. By fl4.3.33p . 
we can see b'^''^^{ri, r2, Si, S2) = f2^lt',o{^ii ^2, Si, S2) = 0. Therefore we have 



(4.3.34) /2K:- (ri,r2,si,S2) 



^n;*n2 + l(^1.^2,Sl,S2), < ^2 < ^ - 2, 
0, ^2 = r2 - 1, 



where < ni < ri — 1 if • G {t, i} and < rii < pi — ri — 1 if • G {^, — t-}. The following 
relations are obtained by similar argument used to show fl4.3.16p - (l4.3.22p : 



(4.3.35) T°'f„^(ri,r2,si,S2) 

^ ('^t{ni,ri,r2)T^;\^^{ri,r2,Si,S2), 1 < ni < n - 1, 
~\0, n, = 0, 

(4.3.36) AT„";f„^(ri,r2,Si,S2) 

^nitl,n2(^l. ^"2, Si, S2), < < ri - 2, 

0, m = ri - 1, 



(4.3.37) eiT°' (ri,r2,si,S2) 



fci ,n.2 * 

v^r^l^i.pi - '"i,'"2)7;°'ii,„2(?^i,?^2,si,s2), 1 < fci < pi - ri - 1, 

0, ki = 0, 

a. 



(4.3.38) fiT^;TJ^ur2,s,,S2) 

^^(ri, r2, si, S2), < /ci < pi - ri - 2 
To;n^{ri,r2, 81,82), ki=pi-ri- 1, 
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(4.3.39) eiT„f„^(ri,r2,.i,S2) 

^ f<(^i,n,r2)T";l^^„^(ri,r2,Si,S2) +T°;ii_„^(ri,r2,Si,S2), 1 < ni < n 

\Tp"'Xi-l,n2('"l.'^2,Sl,S2), rii = 0, 

(4.3.40) /iCl(n,r2,Si,S2) 



^niil,n2(^l''^2,Sl,S2), < ni < Ti - 2, 



.^o!n.2 (^i''^2,si,S2), ni = ri-l, 

(4.3.41) eiT,";_;:^(ri,r2,.i,32) 
<fi''{ki,Pi - ri,r2)Tl^;^^,^^{ri,r2,Si,S2), I < h < pi - - 1, 
.^n-i,n2('^i' -^2), ^1 = 0, 

(4.3.42) /iT,"':,(ri,r2,.i,.2) 

^fc"'+l,n2(^l'^2,Sl,S2), < ki < pi - n - 2, 

0, ki = Pi -ri -1. 

By (I4.3.8l) - (l4.3.15p . Lemma [4.11 and Proposition 14. 3[ we obtain 
(4.3.43) 

^ f<^2('^2,ri,r2)T°;*„2_i(ri,r2,Si,S2) + 5";*_i „2(ri,r2,Si,S2), 1 < Ti2 < r2 - 1, 
\i^^;'p2_^2_i(ri,r2,Si,S2), ri2 = 0, 

(4.3.44) 

d''n2 + l(^l''^2,Sl,S2), < ^2 < r2 - 2, 
Kl*o('"l''"2,Sl,S2), ^2 = r2 - 1, 



/2^ni'*n2('^l'^2,Sl,S2) 



where < ni < ri — 1 if • G {tii} ^'Hd < ni < pi — ri — 1 if • G {^,— ;■}. 
(14.3. 12l) - fl4.3. 151) and fl4.3.35!) -( l4:X42|) . we can see that 



(4.3.45) eii?^;|,^(ri,r2,si,S2) 

^ f<(ni,ri,r2)i?";tifc2(ri,r2,Si,S2) + K;ii^fc2(ri,r2,Si,S2), 1 < t^i < n - 
\i?p;X,_i,fc2(ri,r2,Si,S2), ni =0, 

(4.3.46) /ii?:;l,,(ri,r2,.i,.2) 

^ 1^1+1,^2(^1' ^^2,51,52), < ni < ri - 2, 
l^o,fct('"i''"2,Si,S2), ni = ri-l, 
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(4.3.47) eii?^;^2(ri,r2,si,S2) 

y^i^ih,?! - ri,r2)R'^[%^k^{ri,r2,Si,S2), I < h < pi - ri - 1, 
0, ki = 0, 

(4.3.48) /ii?S!^,(ri,r2,Si,.2) 

^fci+i,te(^i'^2,Si,S2), < /ci <pi -ri -2, 
'o,t(^i>^2,Si,S2), /i;i=pi-ri-l, 

(4.3.49) ei/?,";;:^(ri,r2,Si,S2) 
'^rik^p, - r2)i?-4 Jr„ r2, s,, s^), 1 < k, < p, - n - 1, 

_^";ii,fc2(?^i,r2,si,s2), ki = o, 

(4.3.50) /ii?^;;:,(ri,r2,si,.2) 

^fci+i,fe2(^i''"2,si,S2), < /ci < pi - ri - 2, 
0, fci=Pi-ri-l, 

(4.3.51) eii?::;^,^ (ri,r2,Si,S2) 

^ f<(ni,ri,r2)i?°;ii;.^(ri,r2,Si,S2), 1 < < ri - 1, 
~\0, ni=0, 

(4.3.52) fiR:t,M^r2,s^,S2) 

Ki+i,fe2(^i'^2,Si,S2), < ni < ri - 2, 
0, ni = 0. 

By Lemma El (14.3.121) - fl4.3.15p and (14.3.35^ - 04.3.421) . one has 

(4.3.53) e2i?";'fc2(ri,r2,Si,S2) 

^2"(^2,?^l,P2 -?^2)i?";*fc2_i(n,?^2,Sl,S2), 1 < ^^2 < ^2 " ?^2 " 1, 

5°;'^2_i(ri,r2,Si,S2), /C2 = 0, 

(4.3.54) /2i?:;*,,(ri,r2,.i,.2) 
Rn*k,,+i{ri,r2, si, S2), 0<k2<P2-r2- 2, 

0, ^2 = P2 - ^2 - 1, 

where < ni < ri — 1 if • G {t, i} and < ni < pi — ri — 1 if • G — t-}. 
Let X^^ r2('^i' '^2) be the space spanned by the vectors 

{^ni,n2(n,r2,Si,S2); 1 < < - l} . 

By (I4XT]1 - (14X51) . (14.3. 181) and (14.3.341) . X°_^^(si,S2) is a left module and is isomorphic 
to the simple module 
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Proposition 4.8. Let r2('^i' -^2) be the space spanned by the vectors 

^"i'!n2(n,^2,Si,S2), T;^;^^{ri,r2,Si,S2), T°;;^^(ri,r2,Si,S2), T^;^^^{ri,r2, Si, S2), 

Ln^,k2^n,r2,Si,S2), L^;^^(ri,r2,Si,S2), L^;;^^(ri, r2, Si, S2), L^;|„^(ri, r2, Si, S2), 

KS2('^1''^2,Si,S2), Rtl%in,r2,Si,S2), R'^'J^in, r2, s^, S2) , R"[\f^^in,r2,Si,S2), 

Bnun2iri,r2Si,S2), 5^;];^(ri,r2,Si,S2), B'^l^^{n,r2, 81,82), B^f,^^{ri,r2, Si, 82), 

for < rij < Tj — 1 ano? < fcj < — — 1. T/ien P^" r2('^i' '^2) is a 4:piP2- dimensional 
indecomposable left ideal whose socle is isomorphic to the simple module X" in partic- 
ular, for fixed 1 < < pj — 1 and a = ±, the modules P° r2('^i' ■^2) for 1 < Sj < rj are 
isomorphic to each other. 

By Proposition 14.81 we can write P^" ^2 ~ -Pn,r2('^i' ■^2)- A basis of Pr^ r2 which corre- 
sponds to the basis T"''(si, 82), 82), P"'*(si, 82), P"'*(si, 82) is denoted by 

t"'* (ri , ra) , (ri , r2 ) , r"'* (r 1 , ra) , b"'* (r 1 , ra) . 
5. Projective modules and primitive idempotents 

In this section we will construct primitive idempotents of 0pi,p2 and show that the 
simple module X^^ ^^ and indecomposable modules constructed in Section 3 are projective. 
Moreover, we give the block decomposition of flpi,p2- 

5.1. Primitive idempotents. In order to calculate the products of elements in flpi,p2, 
the following lemma is useful. 

Lemma 5.1. (1) Let w be an element in flpi,p2 with Kw = ag[^~"^~^"^g2^~^~^"^w for 
< rii < ri — 1 and < n2 < r2 — I ■ Then 

\2p1p2W, (ni,n2) = (si - 1, S2 - 1), 
0, otherwise. 



<,r2(^l'^2)w 



1' 



(2) Let w be an element in filpi,p2 with Kw = —aqi^~^^~^~'^^^q^2~^~'^^^'^ f^f < A;i < 
Pi — ri — 1 and < ^2 < r2 — 1. Then f° ^2^81, 82)10 = 0. 

(3) Let w be an element in flpi,p2 with Kw = —aq\^^^^'^^^q2'^^^'^^^^'^^'^w for < ni < 
ri — 1 and < k2 < P2 — r2 — 1 ■ Then t>"^ ,-2(51, ^2)^ = 0. 

(4) Let w be an element in flpi,p2 with Kw = aqi^^^^^^^'^''^q2^~^^~^~'^'^^w for < ki < 
Pi — ri — 1 and < k2 < P2 — r2 — I. Then v^_^^j.^{8i, 82)w = 0. 

Proof. We will show (1) and (2). The proofs of (3) and (4) are similar to the proof of (2). 
(1) We can see 

2piP2 
2piP2-l 

= E (gi^''""'"'^92^''""'"'y«^ 



2piP2-l 
i=0 



(^g4{p2(si-rM-l)+pi(s2-n2-l)}-j^^ 
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Since q = exp{\/ —In / 2piP2) , the sum does not vanish if and only if 

P2(Sl - ni - 1) + Pi(s2 - 77,2 - 1) = mpiP2 

for some m G Z. Since 

Pi 

(5.1.1) rii = si - 1 -\ (s2 - ^2 - 1) - mpiP2 

and pi, p2 are coprime, the right hand side of f lS.l.ip does not belong to {0, 1, . . . , ri — 1} 
if S2 — ?T,2 — 1 7^ and m 7^ 0. Thus we have (rii, 722) = (si — 1, S2 — 1). 
(2) We have 



2piP2-l 

£=0 

2piP2-l 

_ g-4^(p2(ri+fci-si+l)-pi(s2-rt2-l))^ 

e=o 

Then the sum does not vanish if and only if ^2(^1 + A^i — Si + 1) —pi{s2 — ^2 — 1) = mpiP2 
for some m G Z. Since 1 < fci + ri — Si + 1 < pi — 1 and — (r2 — 1) < S2 — ^2 — 1 < T2 ~ 1, 
we have the assertion. □ 

Let ^^(si, S2) be the space spanned by the vectors 

{K;tn2(Pi,P2,si,S2);0 < n^<pi-l, i = 1,2} . 

We can see that Xp^ ,p^{si, S2) is isomorphic to the simple module X'^^ ,^^. 



Proposition 5.2. The element -B^^'ti s2-i(Pi'P25 Si, S2) is a primitive idempotent of Qp^^ 
for a = ± and 1 < Si < pi — 1. In particular, the simple module X^_^ is projective 



P2 



Proof. By the action of Qp^,p2 on simple modules and Lemma [5. 11 we have 

(5,"'il,,2_lbl,P2,Sl,S2))^ 

„Pl-l„P2-i fPl-si rp2-S2 p«,4, (r, r, Q Q \ 

-^1 62 Ji /2 I^g^_i,,^_i[Pi,P2,Si,S2) 



2piP2fi f2 pi — 1 P2 — 1 XPl— SI fP2— S2 75«,4 



$"(pi,P2) 

2p p Pi~iP2-i 

^ ^ n YlVl{h,PuP2)^2{i2,PuP2)B'^;\^^_^{pi,P2,SuS2) 



=S";ii^^_i(pi,P2,si,s2). 
By similar methods used in [Ij, we have the following. 



□ 



Proposition 5.3. The elements B'^f_^ ^,^_-^^{ri,p2, Si, S2) and B'^^^-^^ ^^_^{pi,r2, Si, S2) are 
primitive idempotents. In particular, indecomposable modules P^" '^'^^ '^'^^ projec- 

tive. 



We also have the following. 
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Proposition 5.4. The elements 

(5.1.2) T";Ii ,2_i(ri, ra, Si, S2), 1 < Si < pi, 1 < S2 < P2, 

are primitive idempotents of Qp^^p^. In particular, the indecomposable module -P^" r2 ^"^ 
projective module. 

Proof. It is clear that T^'^'Ij^ ^^_2(^i) "'^2, ^i, S2) generate the left ideal P^" ^^(si, S2). By 
Lemma [5.11 we can see that 

2piP2ef -^e^- Vr~"/f^""T;;Ii,,^,i(ri, r2, .1, .2) = <^''ir^,r,)B:;i,^,^^,{r„ r„ s^, s,). 

We also have 

P2-r2 

2piP2 5: C(-i-2)e''-^er-^--Vr-"/f^-^^-"^^T;;!,,,,_,(ri,r2,.i,.2) 

m2=l 

= 2pip2{5p2-r-2('"i.'"2)ef "^e2'"^Tp"':;.^_i,.^_i(ri,r2,si,S2) 

P2 — ''2 — 1 

+ '^m2('^l'''^2)-RpiI^ri-l,p2-»-2-l-m2(^l'^2,Sl,S2)| 

= r2) {Tot (n, -2, ^1, ^2) + X; ^2, ^1, ^2) 



12 = 

P2— ?'2 — 1 



+ Yl ^-o^(k r n rT^o;o(^i'^2,Si,S2)} 

^2 ^2 ['^2,ri,p2 - r2) J 



and 



Pi-ri 



2piP2 5^ 7:^,(nr2)e^-i--er-Vr""~'"7f^-"Tf;I,,,^_i(n,r2,si,.2) 

mi=l 

= 2piP2|7pi-ri(n,r2)er~^ef "^i?";tip2_^2_i(ri,r2,Si,S2) 

pi-ri-l 

+ Yl ^mi('^l.'"2)^p;^,,_l_^i,p2_,2_l(ri,r2,Si,S2)} 
mi = l 

= $"(ri,r2)|5o,o(n,r-2,si,S2) + J]] -^7— — rr^o.o (n, ^2, Si, S2) 

j^^l V^l 1*1' 'l! ' Ij 



Pi— Si— mi fP2-S2—m2 
2 
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By Lemma [5. II and fl4.3.2p . we have 

{Pi-Ti p2-r2 
E E 7;:;,(ri,r2)c(n,r2)er-^--ef-^--/r-"-"'Vi 
mi = l m2 = l 

X T";!i ,^_i(ri,r2,Si,S2) 

P2-''2-l 

+ 7pi_r.i(n,r2) E C2(n.'^2)e?"^ef "^"'"'i?^"'lip^_,.^_i_„^(ri,r2,Si,S2) 

m2 = l 
pi-ri-1 

+ 5° -^^(ri, r2) E A (^1' ^^2)6?' "^""''e2'"^rp"':;^_i_„^ ,.^_i(ri, r2, Si, Ss) 

mi = l 

pi— ri — 1 p2— r2 — 1 

E E 7:^,(ri,r2)C2(ri,-2)ef-^--er-^-- 

mi=l m2=l 

^ -^pi-T-i-l-mi,p2-r-2-l-m2('^l' ''^2, ^i, S2)|. 

Then we have 

2piP27pi-ri(^i, ^2)5p2_,2(ri, r2)ei^"^e2'"^T"'!i,,^_i(ri, r2, Si, Ss) 

n-i 



n, r2)To°;^_i(ri, r2, Si, S2) 

n=i 

ri — 1 ri— 1 

+ E n V'?(ji,'^i,'^2)To";t_i(ri,r2,Si,S2)} 

ii=l Ji=i 

r'2-l 

$"(ri,r2) ,^^2,51,52) + E (^^(^2, ri, r2) ^O'O '^'^i' ^^2, Si, S2) 



«2 

ri-1 ^ 

E V^o"o^(^i' ^^2, Si, S2) 

zi — ± 

n— 1 ^ r2— 1 



11 T 

+ E ^ E ^T- ^Boi{n,r2,Sl,S2) k 

ffi^u ru r2) <^2 U2, ri, ra) J 

and 

P2— ?'2 — 1 

2piP27pi-ri('"i, ^2) E '^m2('^i' '"2)e?~^ef "^""''i?°'li^j,^_,^_i_^^(ri, r2, si, S2) 

m2=l 
P2-r2-l ^ 

= $-(ri,r2){ E ^^171 -So";o^(ri,r2,Si,S2) 

fc"^! <^2 {k2,n,P2-r2) 
r-i-1 p2-r2-l ^ 

+ E V E ^^71 7^0,0 ('^i' ^"2, Si, S2). 
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Similarly we have 

pi-ri-l 

2piP25p2_^2(ri,r2) Yl 7mi(n,r2)ef "'"^"^e2'"^Tp°'::;^_i_„^^.^_i(ri,r2,Si,S2) 

mi=l 
pi-ri-1 



r 1 

Vi {Pi-ri,r2) 



Pi— ri — 1 . ri — 1 



+ ^^71 vXl^^r 7^0,0 (n,r-2,Si,S2), 

V^i {ki,Pi-ri,r2) f^^ipi{ii,ri,r2) 



and 



Pl-T-i-l P2-'"2-l 

2PiP2 Yl E 7:^,(ri,r2)C(^i,^2)ef-^-'"^er"^-"^ 

mi=l m2=l 

X Rp^_rj^-i-mi,p2-r2-l-m2i^^^ '^'^i "^s) 
pi-ri-1 p2-r2-l 

We finally have 

(T,"'Ii,2_i(ri,r2,Si,S2)) 

= T";Ii^,^_i(ri, r2, si, S2) + ^^(ri, r2)r";i^^,^_i(ri, r2, Si, S2) 

+ vl/^(ri, r2)S,";li,,^_i(ri, r2, Si, S2) + r2)n{ri.r2)B:i\^^_^{r^,r2, Si, S2) 

- n{ri,r2)T:;\^^_,{n, r2, Si, .2) - ^?(ri, r2)vl/°(ri, r2)K;ii,,,_i(ri, r2, 3i, .2) 

- M/^(n, r2)K;li,,,_i(ri, r2, Si, .2) - ^?(ri, r2)v^^(ri, r2)i?:;ii,,,_i(ri, r2, 3i, ^2) 
+ vl/^(ri, r2)v|/-(ri, r2)i?:'ii,,,_i(ri, r2, Si, S2) 



-ia,t 

■ Si-l,S2- 



= T";ii^,^_i(ri,r2), 

which shows that Tg"_i '^a, Si, S2) is idempotent. □ 

5.2. Block decomposition. We can see that the elements 

(5.2.1) Ci = -gf ir-^^ - g-^^ir^^ - (gf - q^^^'cih, 

(5.2.2) C2 = -g^K-^^ - g2-^^i^^^ - (gf - g2"'^)'e2/2 

are central elements [5]. The central element Ci acts as a scalar a^^ {—ly^ {qi'^^^ +qi^^^^) on 
the simple module X^^ ^.^ and the central element C2 acts as a scalar a^i^"^)"^^ (q'2^'^^ + ?2'^^'^^) 
on the simple module X"^ We set /3i(ri, r2) = a^2(— l)^2(gf^''^ +qi^^^^) and /3^(ri, r2) = 

By direct calculations, we obtain the following. 
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Lemma 5.5. We have 







_l(n,P2,Sl 


,^2) = 


= 0, 


(C2 


-/32"(ri,p2))5"'\,^ 


l(''l,P2, Si, 


S2) = 


0, 




-/3f(pi,r2))i?f_i,,,_ 


1(^1,^^2,51, 




0, 


(C2 


-/32"(pi,r2))25r;li,,, 


-i(pi,r2,si 


,82) = 


= 0, 






-i(n,r2,si. 


S2) = 


0, 


(C2 




^l('"l,'"2,Sl, 


S2) = 


0. 



Set 

QiPuP2) = {ve flp„p,|(Ci - 2)v = 0, (C2 - 2)v = 0} , 
Q(0,p2) = {ve flp„p,|(Ci - {-ir^2)v = 0, (C2 - (-ir2)t; = 0}, 
Q(ri,P2) = {vE flp„p,|(Ci - /3+(ri,p2))'t; = 0, (C2 - (-ir+^'^2)t; = O} , 
QiPi,r2) = {ve flp„p,|(Ci - (-ir+^'^2)t; = 0, (C2 - /32+(pi, r2))^t; = O} , 
Q(ri,r2) = {ve flp„p,|(Ci - f3Uri,r2)fv = 0, (C2 - f3t{n,r2)fv = O} 



Since Ci and C2 are the central elements of flpi,p2, we can see that the space Q(ri,r2) is 
two-sided ideal of flpi,p2. For 1 < ri < pi — 1, we have (3i{ri,p2) = — ^1,^2) and 



/52"(Pi -ri,P2) = i-iy'i-lf'-'''i-lf'2 = (-l)Pi+^i2. Similarly we have /3tipi,r2) = 
P2iPuP2-r2) and /3r(Pi,P2 - ^2) = {-l)l{-iy^-''^{-iy^2 = {-1)p^+-^2 for 1 < r2 < 



/3i"^(n,'^2) = /3i (Pi -^1,^2) = /3i (n,P2 -^^i) = -n,P2 -^2), 

I3tiri,r2) = {pi -ri,r2) = /32~(ri,p2 -ri) = /32^(pi -^,^2-^2) 



for 1 < ri < pi — 1 and 1 < ^2 < P2 1- By Lemma [5.51 we have injective maps 



Note that (/3i+(ri,p2), (-lF'+'''2) = (/3+(r'i,p2), (-l)^'+'''^2) if and only if n = r[ for 
1 < ri,r[ < pi - 1. We also have {(3^{ri,r2), (3^iri,r2)) = (Z^i^K, r^), /32^(r;, r^)) if and 
only if {r'i,r'2) = {pi — ri,p2 — r2), (ri,r2) for 1 < ri,r[ < pi — 1 and 1 < r2,r2 < P2 — 1- 



Thus we have the decomposition of flpi,p2 i^i^o two sided ideals. 

Proposition 5.6 ([5]). We have a decomposition of Qp^^p^ into two-sided ideals: 



flpi,P2= Q{ri,r2)®^Q{n,p2)®^Q{pi,r2)®Q{pi,P2)®Q{0,p2) 



I = {(ri,r2)|l < n < pi - 1,1 < r2 < P2 - l,P2?^i + Pir2 < P1P2} ■ 



P2 — 1- We also have 



KuP2 ^ QiPl^P2), 

^PUP2 ^ <5(o,P2), 

Ppi,r2^ Ppi,P2-r2 ^ QiPur2), 




^ Q{ri,r2). 



where 
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Corollary 5.7. (1) The elements Bf^i^ g,^_^{pi,p2, Si, S2) for 1 < Si < pi — 1 and 
1 < S2 < P2 — 1 «re mutually orthogonal primitive idempotents of Q{pi,p2) . 

(2) The elements B~^i-^^ g^_^{pi,p2, 81,82), for 1 < Si < pi — 1 and I < S2 < P2 — ^, 
are mutually orthogonal primitive idempotents of Q{0,p2) ■ 

(3) The elements 

^^'-l,S2-l(^l'P2, Sl, S2), 1 < Si < ri, 1 < S2 < P2, 
Btr-l,S2~2iPl-ri,P2,ti,S2), l<tl<Pl-ri, 1<S2<P2, 

are mutually orthogonal primitive idempotents of Q{ri,p2) ■ 

(4) The elements 

^^'-l,S2-l(Pl'^2,Sl,S2), 1 < Si <pi, 1 < S2 <r2, 
^7i-l,t2-2(Pl'P2 -?^2, 51,^2), l<Si<Pi, l<t2<P2-?^2, 

are mutually orthogonal primitive idempotents of Q{pi,r2) . 

(5) The elements 

r,^£i^,2_i(ri,r2,Si,S2), 1 < si < ri, 1 < S2 < r2, 
TiAs.-iiP^-rur2,h,S2), 1 < < - r„ 1 < .2 < r2, 



TsAfy^iiri,p2- r2,si,t2), 1 < si < ri, 1 < t2 < P2 - ^2 
^tt-i,t2-i(Pi - '^I'Ps - r2,ti,t2), 1 < ti < Pi - ri, 1 < t2 
are mutually orthogonal primitive idempotents of Q{ri,r2) . 



Proof. The corollary follows from Lemma I5.H Proposition I5.2[ Proposition 15.31 Proposi- 
tion [5]4] and Lemma [5.51 □ 

Theorem 5.8. The following equality holds: 

flpi,P2 

Pl P2 Pi P2 

= © © K,pM^ ^2) © © © X^^^Js,, S2) 

Sl = l S2 = l 

Pi-ri 

n",P2(^l'^2)© © P-_r„p,ih,S2) 
ti = l 
P2-r2 

Pp„r2iSuS2)(B © Pp-p^_,^(Si,t2) 
t2 = l 

r2 ri P2—r2 

© {©©nt..2(^l'^2)©© ©P-,,_.,(^l,t2 
('"l,''2)e/ Si=lS2 = l Sl=l t2 = l 

Pi-ri r2 Pi-rip2-r2 

© ©^p;-n,r2(^l,^2)© © © P+-.,,,,_.,(tl,t2) 
tl=l S2 = l ti=l t2=l 



Sl=l S2 = l 




Pl-1 P2 1 








ri=l S2=l ' 


Ui=i 


P2-1 Pl 1 


f r2 




e 


r2=l si=l 1 


U2 = l 




ri -1 
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Proof. By Corollary 15.71 the right hand side is contained in flpi,p2- The dimension of the 
right hand side is 

2pIpI + 2pjpl{p, - 1) + 2plplip2 - 1) + 2plplip, - l)ip2 - 1) = 2pIpI 
Since dim Qp^^^p^ = 2plpl, we have the equalitiy. □ 

6. MATRIX REALIZATION 

Let A be a finite-dimensional associative algebra and {Pi \ 1 < i < n} the complete set 
of non-isomorphic indecomposable projective modules of A. Then the map defined by 

n 

A^0End(P,), a^(p,(a)) 

i=l 

is an algebra monomorphism where p : A — )■ End(Pj) is representation. 

In this section, we give a matrix realization of each subalgebra Qri,r2 of flpi,P2 by using 
the above fact. 

6.1. matrix realization of Q{pi,P2) and Q{0,p2). By Corollary 15.71 and Theorem 15.81 
we have 

pi P2 

Si=l S2 = l 
pi P2 

Q(O,P2) = 00X-,,,(^1,^2). 

Sl = l S2 = l 

By Lemma ISTTl the action of the basis of B"_^^^^{pi,p2, si, S2) on the simple module X^^ ^^ 
is given by 

(6.1.1) (pi , P2 , Sl , S2 ) „^ (Pl , P2 ) 

bmi,m2(Pl'P2), K,^2) = (Sl - 1,S2 - 1), 

0, otherwise. 

Theorem 6.1. The subalgebras Q{pi,P2) and Q{0,p2) are isomorphic to the matrix alge- 
bra Mp^p2(C). The isomorphism is given by 

5°,_i,™2_i(pi,P2,Si,S2) ^ E{mi+pi{m2 - l),Si +pi(s2 - 1)), 
for 1 < rrii, Si < Pi where E{a, b) is a matrix unit of Mp^p^{'C). 

6.2. matrix realization of (5(^1, ^2) and Q{pi.,r2)- By Corollary 15 . 71 and Theorem 15. 8[ 
we have 

n P2 Pi-ri P2 



Q{n.P2) = 00ntp.(^i'^2)© 0^p™(^1'^2), 

Sl = l S2 = l ti = l S2 = \ 

pi r2 Pi P2-r2 

QiruP2) = 00^pt,.2(^l'^2)©0 P,\,,2~r2iSut2). 



Si = lS2 = l Si=l t2 = l 

The action of Q{ri,p2) on P^^p^ is give in the following table: 
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"tl-l,S2-l 


"^41-1,52-1 


"si-l,S2-l 


_|_ M 

-Dni,n2 I' li 7 -Si, S2) 


u+,T 
"n\,n2 


n 

u 


n 


"n\,n2 




fcl,n2 













Kl,02 

Dni ,712 











-6nifn2 (n,P2,Sl,S2) 











^fcl'LC^'l -''l'f'2,tl,S2) 





K\,n2 


^1,2 





-^niX (Pl - n,P2,tl,S2) 








^ni,n2 





Bni^2 (Pl - "Tl , P2 , , S2) 





'-'ni ,?12 








-Sfciia^^'l - «l'P2,tl,S2) 















Remark that the actions which do not appear in the above table are all zero. Substi- 
tuting -|-,ri with — ,pi — ri in above table, we have the actions of the basis of Q{ri,p2) 
on P~ 

Pi-ri,p2 

Let us expand v e Q{ri,p2) as follows: 

ri P2 P2 ri 

^ = EEE{E E ^''I'p^i^i + (^2 - i)ri, si + - i)n){v) 

si=ls2=ln2=l •e{t,4}"i=l 
S+'li_„^_l(ri,P2,Sl,S2) 

+ E E ^n,'p2(^i + K - l)(pi - ri), si + (S2 - l)ri){v) 
5j':i_„^_i(ri,p2,si,S2)} 

P2 P2 Pi-ri 

+ J2J2J2{Y1 Yl ^Pi-n,P2(^i + (^2 - l)(pi - ri), si + (S2 - l)(pi - ri))(T;) 

ti=l S2=ln2=l "Sit,-!.} fei=l 
X 5fci-l,n2-l(^^l -'^l'^^2,il,S2) 

+ Y Yl Vi-n,P2K + K - l)ri, si + (S2 - l)ri){v) 

• e{<-,^>} ni=l 
X ^ni-l,n2-lbl -'^l'P2,tl,S2)}. 

We define 

5^:;2(^) = [K^'p2(mum2)(v)] e M,,,,(C), 

V-ri,P2 = [^Pi-ri,p2("^l'"^2)(w)] e M(p^_,,^)p2(C), 
^Pi-ri,P2 = [^pi-ri,p2("^l'"^2)(^^)] e Mr,p2 ,(pi-ri)p2 

(C) 

where • e {ti-J-} ^-nd o g {•(— ,^}. Then, by the action of Q{ri,p2) on the projective 
modules -Prt,p2 -^Pi-ri,p2' ^® have the following result. 
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Theorem 6.2. For 1 < ri < pi — 1, Q{ri,p2) is isomorphic to the subalgebra of 
M2piP2(C) ©M2pip2(C) ^^^^ shape: 







ri,p2 -'^pi-ri,p2 



















B. 



Pi~ri,p2 



^Pi-ri,p2 
-^pi-ri,p2 ri,p2- 



B~'^ 
B~'^ 5+,t 

-^pi-ri,p2 '■i,p2 

B+'l 








Pi-r'i,P2 
Pi-r\,P2 



ri,P2 



''l,P2 



B. 



ri,P2 



B 








-,t 

Pi-'ri,P2- 



By using similar argument for the case Q{ri,p2), we have the foUowing: 

Theorem 6.3. For 1 < Ti < pi — 1, the algebra Q{ri,p2) is isomorphic to the subalgebra 
ofM2p,p,iC)®M2p,p,iC): 



Pl,r2 







Pl,r2 Pi,P2-'"2 
^P^.',r2 
<- Pi,r2 Pi,P2-r2 















Pi,P2-r'2 



^"''^ 

Pl,P2-'"2 ^ 

Pi,P2-r2 ^pi,r2 

bjZ_.. fii't 








Pl,P2-'"2 



B. 



Pi,P2-r2 



Pi,r2 

Pl,»'2 Pi ,''"2 



B, 








-,t 

Pi,P2-r'2- 



Pi,P2-»'2 "Pl,'r2-I 

6.3. matrix reahzation of Q{ri,r2). By Corohary 15.71 and Theorem 15.81 we have 

ri r2 ri P2— ''2 



Sl = l S2 = l 
Pi-fi r2 



Sl=l t2=l 

Pi~ri P2~T2 



© 0^p";-n,.2(^l.«2)© P+-,,,p,-.,(tl,t2). 

tl = l S2 = l ti = l t2 = l 

Since Q(ri,r2) has four non-isomorphic indecomposable projective modules, there is an 
algebra monomorphism 

Q(ri,r2) ^ Endc(P+r2) ® Endc(P,;,p2-r2) ® Endc(Pp-_,,,,J ® Endc(Ppt-n,p2-r2)- 



By Lemma (5. 11 the definition of the basis of Q{ri,r2) and the structure of projective 
modules, we can determine the action of Q{ri,r2) on the projective module as in Table 1 
(the actions do not appear in Table 1 are zero). 
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Table 1. The actions of the basis of Q{ri,r2) on P^^r ■ 



ri,r2 



1 ^ 

{ri,r2,si,S2) 

Tk;'n2^n,r2,SuS2) 

^m;!fc2(n,r2,Sl,S2) 
Kn'kSn,r2,Si,S2) 

(ri,r2,si,S2) 
(ri,r2,si,S2) 



gl-l.S2-l 



'-mi,m2 





"S1-1,S2-1 


"si-1,52-1 


■S1-1,S2-1 


Lmi,m2 


b+,T 


^m\,m2 




mi,fe2 


Ki,m2 

















"m\,m2 


















B 



mi ,m2 



fei,n2 



fci ,n2 
+,t 

JTtl,fc2 
, + :• 

mi,fc2 
'-'mi ,m2 

fei,m2 



X 



X 



P'pi—ri,r2 (^1' ^'^)\P'ri,r2 


hi-l,S2-l 


4l-l,S2-l 


b+'^ 

"^41-1,52-1 


"tl-l,S2-l 


^fcT.L^^'l ~''1''^2,«1,S2) 


fei,m2 


t + '^ 

fci,m2 
Lmi ,m2 




bt'^ 

fci,m2 


bt'^ 

fei,m2 
Omi,m2 




7'miV«2(Pl - ri,r2,ti,S2) 

Tm[%2{Vi - ri,r2,ti,S2) 




l-mi,m2 




Umi,m2 


XkX{Pi-ri,r2,h,S2) 


X+'^ 
^fel,fe2 


x+'^ 








X;^tk2^Pi-ri,r2,h,S2) 





+,i 

m\,k2 








X~[~^k2(P^-ri,r2,ti,S2) 


x+'^ 

mi,fc2 












r\_,P2-r2 



r\,r2 



|+,t 



'^1-I,t2-1 

mi,A;2 





b+'^ 

'-'mi,m2 



''^i-l.fa-l 

mi,fe2 
+,• 

ki,k2 
k+.t 



fei,m2 






'^si-l,fa-l 
mi,fe2 



'-'mi,TO2 







r-2, 51,^2) 
TkSSn,P2-r2,si,t2) 



^m;Ifc2(^l'^'2 



R. 



.(n,P2 - ?-2,Sl,t2) 
mi ,m2 



R 



'k\,m2 



(ri,P2 - T2,Sl,t2) 
(ri,P2 - ?'2,Sl,t2) 



mi,fc2 
:+,• 

'fcl,fe2 




+,t 

Jmi,m2 

bt'' 

fci,m2 



p+ 

pi-ri,p2- 


-r2 (*1'*2)\-Prt,r2 


'tl-l,t2-l 


'tl-l,t2-l 


4l-l,r2-l 


'^tl-l,t2-l 


^fcti^^'i - 


n,P2 - r2,ti,t2) 


1 + ,^ 

kiM 


1 + ,^ 

kiM 


kiM 


ki,k2 
mi,fc2 




ri,P2 - r2,tl,t2) 





mi,k2 





PlCk2^Pl - 
Lt]m2^P^ - 


ri,P2 - r2,ti,t2) 
ri,P2 - r2,ti,t2) 


l+,4. 
mi,fc2 








mi,fc2 
Ki,m2 




b+'^ 

fci,m2 
Omi,m2 


Lmi ,m2 {Pl ~ 


- ri,p2 - r2MM) 











Lmi,m2 iPl ~ 


-ri,p2-r2,ti,t2) 








'Jmi,m2 







ri,P2 - r2,ti,t2) 


^fcl,m2 


bt'^ 

fei,m2 
Omi ,m2 








Rm\ ,m2 ipi ~ 


- ri,p2 - r2,ti,t2) 











Rmi ,m2 {Pl ~ 


- ri,p2 - r2,ti,t2) 


Umi,m2 












Pr, r2 t*e the representation of Q{ri,r2) on P^r2- expand e (5('"i,'"2) as 



ri,r2 ' ^pi-ri,r2 ' ^ri,p2-r2 ' ^Pi-ri,p2-r2 



where 
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ri,r2 



EE 

Sl=l S2=l 
ri r2 



• G{t,i} "1 = 1 "2 = 1 

+ ^n,r2(^i + ^i(^2 - + {S2 - l)ri)(v)T+':i^^^_i(ri,r2,Si,S2)) 



pi— J"! r2 



+ E EE 

• £{•(-,-)■} fcl=l "2 = 1 



Ci'*2(^i + (Pi - + (S2 - l)ri)(t;)T+'*i „^_i(ri,r2,si,S2) 

+ ^'n',;2(^i + - ^i)(^2 - 1), Si + (S2 - l)ri)(^;)S+;:, „^_,(ri, r2, si, S2)) 

r'l P2— ''2 

E E E (<';2K + ^i(^2-l),si+(s2-l)ri)(^;X'*_i,,,_i(ri,r2,si,S2) 
•e{t,4.} "1=1 k2=i 

+ ^n*2(^i + ^1(^2 - 1), Si + {S2 - l)ri)(v)L+;li_^^_i(ri, rs, Si, S2)) 



Pl-r-l P2-r'2 



+ E E E 

• e{^,-5>} A:i=l A:2=l 



(<:r2(^i + (Pi - ^i)(^2 - l),si + (s2 - l)rl)(^;)i^fe;!.l,fc2_l(rl,r2,Sl,S2) 
+ ^'n',;2(^i + (Pi - n)(A:2 - 1), si + (S2 - l)ri)(^;)L+;l, ,^_,(ri, r2, si, S2)) } 



and set 



[tt;'rMi,m2){v)],B+';^{v) = [6+';^(mi,m2)(t;)] G M,,,,(C), 
[^n'r2("^i."^2)(w)],5+';^(t;) = [b+;°.,^{mi,m2){v)] e M(p,_,..,),.,,,..,,.2(C), 
[r+';^(mi,m2)(t;)],L+';2 = K',r2("ii> "i2)(t^)] G M,.,(p,_,.,),,,,.,(C), 

[<',r2("^l'"^2)(l^)],^+',;2(^) = K',r2("^l'"^2)(^^)] G M(p,_^,)(p2-r2),rir2 (C) , 



for • G {t, i} and o G — >}. Substituting (+, ri, r2) with (— ,pi — ri. r2), (— , ri,p2—r2) 



and — ri,p2 — T2), we can define f, 



pi— ri,r2' ^ri,p2— r2 ^ud r2 



and corresponding 



matrices. By Table 1, the hnear map {v) for v G (^('"i, ''^2) can be expressed as follows 

















^n,r2(^') ^n,p2-r2(^') 
.^ri,r2i'^) -^ri,p2-r2('^) -^n,P2-r-2 ('^) ^n,r2('^). 
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with 



X, 



ri,r2 



v) 








^pV-ri,r2l^J 









where X e {T,L,R,B}. 

Then we have the following result. 

Theorem 6.4. The algebra of Q{ri,r2) with (ri,r2) & I is isomorphic to the subalgebra 
ofMip,p,{C) © M4p,p,(C) © A'hp,p,{C) © Mip,p,{C) given by 



[T+ 

ri,r2 








" 




"T" 

pi 














" 


T + 

r\,r2 


T~ 

ri,p2-T2 










-^Pi 


-»'l,r2 


TpX- 


-^•l.P2-''"2 















'■l,P2-'"2 







^Pi 


-''1,^2 







Tp\ 


~ri,p2-'''2 





s+ 

1- ri,r2 


D— 

^•ri,p2-r2 


^ri,p2-r2 


T+ 

ri,r2J 




-^Pi 


-ri,r2 


K 


-ri,p2-''"2 


Lt 


-ri,p2-'r2 


^Pl-r1,r2^ 



''l,P2-'"2 



ri,p2-r2 



R 

B: 



ri,p2-r2 








T+ 

ri,r2 



ri,p2-r2 

where 



ri,r2 






r+ 

'"i,r'2 

r + 

ri,r2 









T 



-pi-ri,p2-r'2 



Pi-r'i,P2-»-2 



R. 



Pi-ri,P2-r2 



^'\,P2—i'2A \- pi—r\,p2—r2 



X, 



ri,r2 



'■l,r2 
ri,r2 
r\,r2 
'■l,r2 





^Pi-ri,r2 



' — Q,— > 

pi-ri,r2 










T" 

pi 




r2 







T~ 

pi 




-ri 


,r2 ^p\ 







" 










a,t 
-ri 


^2 





-ri 


^2 


'•l,''2-' 



pi-ri,r2 
pi-ri,r2 







r+ 

Pi-fi,p2-r-2. 



andX = T,R,L,B. 



7. Symmetric linear functions on gp^^p^ 

7.1. The center. The structure of the center of flpi,p2 is described in [5]. Recall that 
Qpi,P2 decomposes into subalgebras as 

Pl-l P2~l 

flpi,P2= Q(n,r2)©0g(ri,p2)©0Q(pi,r2)©Q(pi,P2)©Q(O,P2). 

(»'i,r2)e/ ''1=1 r2=l 

Proposition 7.1 ([5]). 

'9, (ri,r2)e/, 

3, 1 < ri < pi - l,r2 =P2, 

3, ri = pi, 1 < r2 < P2 - 1, 

.1, (ri,r2) = (pi,p2)- 

By Proposition 12.21 we can see that the space of symmetric linear functions on flpi,p2 is 
|(3pi — l)(3p2 — l)-dimensional. 

The action of the center on the projective modules is also determined in |5]. For each 
Q{ri, r2), there is a central idempotent e(ri, r2) which acts as an identity on Q{ri, r2) and 



dim Z{Q{r I, r2)) = < 
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as zero on Q{si,S2) for (ri,r2) 7^ (si,S2)- For Q{ri,r2) with (ri,r2) G /, there are eight 
central elements as follows; 

v^{ri,r2), t;^(ri,r2)t;^_„2 = b^^ ^^, • G {t,i,^,^} in ^rtra and P~-r^,r2^ 

v^{ri,r2), v^{ri,r2)xl^^^^ = x;^^ x G {t, b, I, r} in P+,.^ and P'^p^-r^^ 

^^(ri,r2), t;^(ri,r2)t;^ „2 = b^^ ^^, • G {t,i,^,^} in ^rT.p^-ra and Pp+.^^^p^.,,^, 

t;^(ri,r2), t^^(ri, r2)xj,^ „^ = x;^^ x G {t, b, I, r} in Pp";_^^,^, and Pp+.^^^p^.^^, 

ti;^(ri,r2), w^(ri, r2)t];^^„^ = b^^ ^^ in P+ ,.^, 

w^(ri,r2), w;-'(ri,r2)t^^ „^ = bi^^„^ in P~_r,,r2^ 

w^{n,r2), w^{n,r2)tl^^^^ = bi^^„^ in P^^^p^.^^, 

w^{n,r2), w^(ri,r2)t^^ „^ = b^^^^^ in Ppt-.^.p^..^- 

There are two central elements w^{ri,p2) in (5(^1,^2) and we have 

uJ^in,P2)\^i,,n2 = bi,„2 in P+,p2' 
^"(n,P2)bl^,„, = b;^^ „^ in Pp^_r,,p,- 

Similarly we can determine the actions of the central elements if^(pi,r2) in Q{pi,r2): 

u;+(pi,r2)bl^ „^ = bi,,n2 in ^pt,r2' 
w^"(Pi,'^2)bl^,„, = b;^^ „^ in P~^p^_r,- 

7.2. Symmetric linear functions. By Theorem 16.11 the subalgebras Q{pi,P2) and 
Q{0,p2) are isomorphic to the matrix algebra Mp^p2(C). Thus we can define the lin- 
ear functions Tpi,p2 on 

Q{pi,P2) and ro,p2 on Q{0,p2) as the trace on Mp^p2(C). It is clear 
that the linear functions Tp-^^p^ and tq^p^ are symmetric. 

By Theorem 16.21 we define the linear functions on Q{ri,p2) by 

^rt,P2(^) = trP;^;i(t^), r-p^{v) = trPp;l^^_p2(f), 
and the linear functions on Q{pi,r2) by 

Xpi,r2(f) = tr P+;i^(t;) + tr Pp;^^2-r2(^) 

for 1 < ri < pi — 1 and 1 < ^2 < p2 — 1- These linear functions are symmetric (see [1]). 
We also define the linear functions on Q{ri,r2) for (ri,r2) G /: 



Pi— »'1,P2— r2 

■ p+''^ ff ) 



Pl-ri,P2~r2 K'^) 



( 


'v) 




v).. 


' ^i,r2(^) = 


'■ ^^^pi-ri,p2-r2('^) 


) 


( 


v) 


= tr Tp^i'^.^^ 


,r2 ' 


<,r2(^ 


) = trT~;j2_^2(f) 




r-i,r2 


[v) 


= trT+t( 


v) 


+ tr Tp^;f j.^^ 


r2(^)> ^n,r2(^) = 


r-i,p2— r2 \ 


n,r2 


[v) 




(v) 


+ tr p-fp^. 


-r2(^), ^n,r-2(^) = 


- tr ^?^'^ 

pi—r\,r2 


Xri,r2 


(v) 


= trP+;i^ 


{v. 


)+trP-i- 


_,2(t^)+trPp7£,^ 


.^^{y) + tr Pj 



for V G Q{ri,r2). 
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Theorem 7.2. (1) Each of the linear function Tp^,p2 o,^d tq^p^ is a basis of the space 
of symmetric linear functions on Q{pi,p2) andQ{0,p2), respectively. 

(2) The linear functions 

form a basis of the space of symmetric linear functions on Q{ri,p2)- 

(3) The linear functions 

form a basis of the space of symmetric linear functions on Q{pi,r2). 

(4) The linear functions 

''"ri,r2' ^r'i,r2' Xri,r2J * 

form a basis of the space of symmetric linear functions on Q{ri,r2) fori G /. 

Proof. We only prove (4). By Theorem 16.41 r*^ ^.^ with • G {t, i, — >■} is symmetric. For 
v,w G Q{ri,r2), we can see 

+ Tp^'-r^,r2iv)T^^i;'^{w) + T+'J.^{v)T+'J.^{w), 

+ T+''"ft;)T"'^ (w)+T~'^ (v)T~'^ (w) 

ri,r2\ J Pi—ri,r2\ J ' pi—ri,r2\ J pi—ri,r2\ J 

Thus v^j.^ is symmetric. Similarly we can see that v/^^.^ is symmetric. We can also see 
that 

B;,i.,-r2i^w) = B;^'l^_^.^{v)T~'l^_r.^{w) + r^^I^{v)l;;1^^,.^{w) 



+ r2(^)^ri',p2-r2(«^) + 7^ri;p2-r2 (^)^ri;: 



which shows "^^^2 symmetric. Similarly we can see that "^^^2 symmetric. 
Now we have 



r2 V^J 



+ Rrup2-r2i^)Lt;l2(^) + ^Pi-ri,p2-r2(^)^n,t'2(^) 

+ i?p;Xi,p2-r2(^)^n,^2(^) + ^ni2-r2(^)^n,i2(^) 

+ L;;jp,.r2iv)RtS2M + ^pi'4,P2-r2(^)^n,r2(w) 

+ ^?i'-n,p2-r2(^)^n,72(^) + ^njp2-r2(^)^n,i2(«^) 

+ T+t + T,-L:,,,,(t;)i?+:::;(^) 

Substituting (+,ri,r2) with -ri,r2), (-,ri,p2 - ^^2) and -ri,p2 - '^2), we 

can describe (.^(f w), i?~'p2-r2 ('^'^) S'^d -Bj|'^'iri,p2-r2('^'"^) linear combinations of 
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traces matrix blocks in the matrix realization of Q{ri,r2) for (ri,r2) G /. Since the trace 
is symmetric, we can see that Xri,r2 is symmetric. □ 

7.3. Integrals and symmetric linear functions. Recall that the left and right inte- 
grals on flpi,p2 is given by 

\ / mi 7712 fTli rn2 T^^\ ^ ^ ^ ^ ^ 

'^V-'l ^2 Jl J2 ^ ) fmi,pi — lOm2,P2 — l"ni,Pi — l"n2,P2 — 1"^,P1— P2; 

/^(^l ^^2 ^/l^A^-^ ) ~ '^mi,pi-l<^m2,P2-l'^rii,pi-l<^n2,P2-l'^^,Pi+P2 5 

for < mj < Pi — 1 and < £ < 2pip2 — 1- By Proposition 12.21 and Proposition 13.31 we 
can see 

,pi — 1 ^m2 ,P2 — I'^rii ,pi — 1 ,P2 — 1 ^€,0 • 

The following is the generalization of Lemma WA\ (see [8]). 
Lemma 7.3. For 1 < rrij, Ui < Pi — 1 with i = 1,2, 

min(mi ,71^) 

By Lemma 17731 the term e^i~^e^^^fl^^^f2^~^ appears in s2-i(Pi)P2, Si, S2) only 

for Q(pi,P2) and (5(0, ^2)- Thus we can see the following. 



Proposition 7.4. 



1 



9- e(Pi,P2)^A = ^^^^-^V,,„ 
^-^e(0,p2) ^ A = — -ro,p2. 

For Q{ri,p2), the term e^^~^e2^^"'^/f^^"'^/|^~^ appears in 

^st'-i,.2-i('^i'P2,si,S2) and 5i;:^|_,2_i(pi, ra, si, S2) 
by fl4.2.17|) and Lemma Ol 

Proposition 7.5. (1) For 1 < ri < — 1, t(;e /lawe 

g-^e{n,P2) ^ A = ^^^^^^^^^ {Xri,p2 - ^l(n,P2) + ^n,p2)} 
,-Mn,;.2)^^A = ^^J--^<,,. 

(2) For 1 < T2 < P2 — 1; ""^e /laue 

g-^e{pi,r2) ^ A = ^^J^^^^^ {Xpi,r2 - *|(Pi,r2) (rp+ + r^-^.J} 
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For Q{ri,r2) with (ri,r2) G /, we can see that the term e\^~^ e^2~^ fi^~^ f2^~^ appears 

in 

T+:!|^,2_i(ri,r2, si, S2),5+'Ii_,2_i(ri,r2, Si, Sa), 

T,;:!|i^_i(ri,p2 - ra, si, ^2), S+'Ii_,^_i(ri,p2 - ra, si, ^2), 
^tt-i,t2-i(Pi -'^i>P2 -r2,ti,t2),5+£|_42-i(^^i -^i'P2 -r2,ti,t2). 

by (HAD, dlASI), fl4.:il()|) and Lemma E3 Thus we have the following. 

Proposition 7.6. For (ri,r2) G I, we have 

9-'e{n,T2) - A = I {M/+(n,r2)vI/+(ri,r2) r;,,^ 

-^^+(ri,r2) 5^ -^+(ri,r2) 

•e{^,/} •6{\,\} 

5("^f/'(ri,r2) 
5("^t;'^(ri,r2) 

g-'^v^{ri,r2) 
g~^w'{ri,r2) 

Appendix A. g-CHARACTERS and symmetric linear functions 

Let y4 be a finite-dimensional Hopf algebra. Then the space of g-characters Ch(y4) of 
A is defined by 

Ch{A) = {(3eA*\ Ad^.(/3) = e{x)P for all x e A} 

= {(3eA*\ (3{xy) = /3{S\y)x) for all x,y e A} 

where Ad„(/3) = S{ai)7a2). 

Let A = flpi,p2- Then g = K^^'P^ is a group-like element and for any x G flpi,p2 we 
have S'^{x) = gxg~^ . It is shown in ^ that the linear function 

7^(n,r2) : flpi,p/ ^ C, X ^^ tr^± (^"^x). 

for 1 < ri < pi and 1 < ra < ^2 belongs to Ch(gp^,p2). 

Note that the map 6 : Ch(flp^^p2) — )■ SLF (gp^^p2) defined by /9 1— )■ /9 ^ 5^ is an isomor- 
phism. 



• A 
A 

• A 

• A 

A : 









1 


$- 


^(ri,r2) 




1 




^{'ri,r2) 




1 


$+(ri,r2) 




1 


$4 


(ri,r2) 









"1" ^r'i,r2) } ' 


I ri,r2 






~^ ^ri,r2) } ' 








^ri,r2) } ' 


\ r\,r2 








t' , • 

ri,r2 ' 


e{t4, 


^,^}. 
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Let PT-i,r2 be the direct sum of four indecomposable projective modules: 
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(A.0.1) P,,,,, 



^ri,p2 ® -^Pi--ri,p2' 
Pi,r2 ^ Pi,P2-r2 ' 



P~ 

ri,P2-r2 



Pi-ri,P2-r2^ 



1 < n < pi - 1, r2 = P2, 
1 < r2 < P2 - 1, ri= pi, 
(ri,r2) e /. 



A.l. g-characters and symmetric linear functions. Define the linear maps cip^ ,-2 • 
^pi,r2 ~^ ^pi,r2 cLnd cTri,p2 • ^ri,p2 ~^ ^ri,p2- the maps crpi,r2 and cTri,p2 a^ct as zero except 

(^Pi ■ ^n',n2 ^ a^'*bl';,„2 + a-^''bi''„„ 

'^P2 • '-'ni,n2 ^ /^^' '-'ni,n2 + Z^''" '-'ni,n2- 

where • G {t, — ?■} and o G {i, ^}. In the above equations, bj';'^^^^ corresponds to the basis 
of -Pj^^n' ^nun2 corresponds to the basis of -Pp^,p2-r2- 

We also define the linear map crr^,r2 with (ri, G /: the map ar^^r2 acts as zero except 



"2 



where • G {t, i, — !■}• In the above equation, bj;'^^ for • =t corresponds to the basis of 
P^^r2^ for • =-ir- corresponds to the basis of -PrT,P2-r2' f*-*^ * corresponds to the basis 
of Pj^_r^ ,-2 and for • =J, corresponds to the basis of Pp^_r^ p^_r2- 

Then we define 7(^1, r2) : x 1— )■ trp^_^ ^^^{g~^xa,f.^^r2)- the following is shown. 

Proposition A.l ([5], Proposition 2.3). The map 7(ri,r2) belongs to C\i{Qp^^p^) if and 
only if 

Theorem A. 2 ([5]). The following form a basis of C\i{Qp^^p^) : 
7=^(ri,r2), l<ri<j9i, 1 < r2 < P2, 



7^( 


>i, 






= a^'' 


= /3^'* 




= 0, 


(n,r2; 


) G / U{(ri 


,^2) 


1 < ri < pi 


-1} 


7^( 


>i, 




, a^'^ 


= a^'' 




= /3t.- 


= 0, 












7^( 


>i, 




, a^'' 


= a^'' 






= 0, 


(n,r2; 


) e/. 








7^( 


>i, 


r2): 


, a^'' -- 


= a^'' - 


= f3^'^ -- 




= 0, ( 


ri,r2) 


G/U{(pi, 


^^2) 


1 < r2 < P2 - 


-1}, 


^4,; 


(ri 






= a^'' 


= /3^'* 


= 0, ( 


Vi,r2 


)G/. 











Then by this isomorphism and Table 1, we have 
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Theorem A. 3. We have 
6'(7+(pi,r2)) = r+(pi,r2), 6'(7"(]9i,]92 - ^^2)) = r"(Pi,?^2), 

6'(7^(Pl, ^2)) = Xpi,r2, 1 < ^^2 < P2 - 1, 

^(7+(ri,r2)) = rj^ ,,2, ^(7"(ri,p2 - ^2)) = ^^p^.^^, 

^(7^(ri,r2)) = ^(7^(ri,r2)) = 

^(7^(n,r2)) = t;,^,,,, e(7^(ri,r2)) = t;,>,,„ 
^(7-'"-^(ri,r2)) = Xri,r2, (ri,r2) G /. 
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